Sequences and Series 2

It is given that the 14th term of an arithmetic series is three times the 8t term. The 3 term is less

than the 6t term by 5. Find the common difference and the 1st term.

T(14) =a+13d,T(8) =a+ 7d
T(n)=3TB) =a+(n—1)d=3[a+7d] = a=d
T(6)—T(3)=5=>(a+5d)—(a+2d)=5:>3d=5=>d=§.

a=10
Find the sum of the series 20% — 192 4+ 182 — 17?2 + 16% — 15% + .- + 22 — 12,

202 — 192 + 182 — 172 4+ 162 — 152 + -+ 4 22 — 12

= (202 —192) + (182 — 172) + (162 — 152) + - + (22 — 12)

= (20+19)(20 —19) + (18 + 17)(18 = 17) + (16 + 15)(16 —= 15) + -+ 2 + D(2 = 1)
= (20 + 19)(1) + (18 + 17)(1) + (16 + 15)(1) + -+ (2 + 1)(1)

= 204+194+184174+16+ 15+ +2+1

— 20(220+1) =210

The kth term of a sequence is 7, where 7, = 2% + 6k — 1. Show that the sum of 7, is the sum ofa
geometric series and an arithmetic series. Hence, determine the sum of the first 15 terms of

the sequence.

S(m) = Tioy i = Tie=a (2 + 6k — 1) = TR_; 2 + TR_,(6k — 1)
=(Q+224+22 4+ +20)+(5+11+ 17+ -+ (6n—1))

_ 2n-1 n[s+(6n-1] _ Hon+1
_2(2_1)+ mUl- 2 2) + n[3n + 2]

S(15) = (215+1 —2) + 15[3(15) + 2] = 66239

In an arithmetic series, the sum of the first n even number terms exceed the sum of first n odd

number terms by 3n. Find the common difference of this series.

(TZ + T4 + T6 + + Tzn) - (T1 + T3 + Ts + + TZTl—l)
=T, —T) + (Tu—T5) + (Tg = Ts) + -+ (T2n — T2n—1)
=nd

Therefore nd =3n, d = 3.



The population of a colony of bees increase in such a way that if it is N at the beginning of the week,
then at the end of the week itis a + bN, where a and b are constants and 0 <b < 1. Starting from
the beginning of the week when the population is N, write down an expression for  the population
at the end of 2 weeks.

Show that at the end of ¢ consecutive weeks the population is a (1 Ll ) + bN.

When a = 2000 and b = 0.2, it is known that the population takes about 4 weeks to increase from N
and 2N. Estimate a value for N from this information.

The population at the end of 2 weeks = a + b(a + bN) = a + ab + b%N
The population at the end of 3 weeks = a + b(a + ab + b>N) = a + ab + ab® + b3N

The population at the end of c consecutive weeks
=(a+ab+ab®+--+ab’ ) + b°N
(1 —b ) c : : L
=a + b°N, G.P first term is a and common ratio is b.

Whena=2000andb=0.2,c=4

1-0.24

The population at the end of ¢ consecutive weeks = 2000 ( ) + 0.2*N = 2N

2500(1 — 0.2%) + 0.2*N = 2N
2500(1 — 0.2%) = N(2 — 0.2%)

2500(1-0.2%)

N =
2—0.2%

~ 1248.9991993594876 ~ 1249
. 3 1\* 1\* , n 3
Verify that 4r° +r = (r + E) - (r - E) . Hence, find }7_ (41> +1).

2
Deduce that Y"_,7r3 = n: (n+ 1)2

(r+§)4 - r—— (r- %)2] [(r+%)2 + (r—%)z] = [2r] [2r2 +%] =4r3 47

=l

n (43 47 = [

=[(n+;>“—<n—;>“]+[<n—;>“—<n—z>“]+[<n—z>“ (=] -
~(n+3) -f

4
re(@rdi4r) =Y i+ N = (n + %) 2



n .3, nn+1) 14_14
4yt r +—2 —(n+2) .

N 14 am+
4yr_ 13 = (n+5) —> ———=n*(n+1)?

LY 3= "_Z(n + 1)2
clr=aTT =
If f(r) =cos2rd,simplify f(r) — f(r — 1). Use your result to find the sum of the first n terms of

the series sin 36 + sin560 +sin70 + ---

f(r)—f(r—1)=cos2rf —cos2(r—1)8 = — %sin 2r9+22(r_1)9 sin 2r9—22(r—1)9

= —%sin(Zr —1)6sinb
nLIF() — fr— 1] = — 5sin 6 B, sin(2r — 1)8
f(n) = £(1) = —sin 6 (sin 36 + sin 50 + sin 7§ + -+ + sin(2n — 1)6)
cos 2nf — cos 260 = — %sin 0 [sin30 + sin50 +sin7 0 + -+- + sin(2n — 1)6]

sin36 + sin50 +sin7 8 + - + sin(2n — 1)0 = 2 (w)

sin @

Sum of the first n terms of the series sin30 + sin50 +sin76 + ---

= sin360 +sin560 +sin76 + -+ sin(2n — 1)0 + sin(2n + 1)0 = 2 [cosZG—cosZ(n+1)0]

sin @

Show that the following infinite series is geometric and find its sum:
22(1—-2x)%2+22(1 —2x)3 +2*(1 = 2x)* 4+ -+ 2"(1 = 2%)" + -
and state the values of x for which the result is valid.

T(r+1) _ 2" (1-2x)"*?
T(r)  27(1-2x)7

= 2(1 — 2x) isindependent of r and therefore the given series is a G.P.

Common ratio is 2(1 — 2x). S(e0) = 1%
22(1-2x)% _ 4(1-2x)?

201 —_24)2 £ 23(1 — 23 2 24(1 — 24V 0 ce. 2 27(1 — 29) L oo = =
2(1—2x)*+2°(1—2x)> 4+ 2*(1 — 2x)* + -+ 2"(1 — 2x)" + 1—2(1-2) o)

validity for x : |2(1—2x)|<1(=)|2x—1|<%<=)—%<2x—1<%<=)%<x<%



10.

An education fund was set up by a school with an initial sum of $20000 to award $1800 annually to
the best student. The fund is kept in a bank paying a simple interest of 6% per year. If the first award
is given out exactly a year after the fund was set up in the bank, fund the number of awards that can
be given out continuously.

After first year, amount left in the bank = 20000(1.06) — 1800

After second year, amount left in the bank = [20000(1.06) — 1800](1.06) — 1800
= 20000(1.06)2 — 1800(1 + 1.06)

After third year, amount left in the bank = [20000(1.06)? — 1800(1 + 1.06)](1.06) — 1800
= 20000(1.06)3 — 1800(1 + 1.06 + 1.062)

After n years, amount left = 20000(1.06)" — 1800(1 + 1.06 + 1.06% + --- + 1.06™ 1)

— 20000(1.06)" — 1800 22"~ — 20000(1.06)™ — 30000(1.06™ — 1)

1,06—1
= 30000 — 10000(1.06)"
After n years, amount left = 0
30000 — 10000(1.06)™ ~
(1.06)" = 3
nlog 1.06 = log 3

log3
~ log 1.06

~ 18.8541766791073

The number of awards that can be given out is 18 years and there is a small sum in the bank that
cannot support the next award.

. . . . 9 5 1
The first three terms of an arithmetic series are — 5w

Show that the sum, S,, of the first n terms of this series is gn(Zn —11) for n=1,2,3, ...

Find (i) thevalue ofnwhen S, isthe smallest,
(ii) setof values of n where 0 < S, < 10.

: 5 9\ 1 .. 9
Common difference = . (— g) =, Firstterm= — -

Hence S, = %n [2 (— g) +(n—-1) %] = %n[—9 +2(n—-1)] = %n(Zn —-11)

® Sy =gnn =10 =3[ = =i =2 (s (0 - ()] =2 -2) - ()]

. 11 . 1/11)? 121
Hence S,, is smallest when n = ” , and the smallest S, is _Z(T) = e



(ii) For S, >0, %n(Zn—ll)>O:>n<00rn>%=>n>%:5.5 ,since n > 0.

For Sn<10=%n(2n—11)<10=> 2n2 —11n— 80 < 0

— 11-vV761 V761+11

" <n< = 0<n<9.65

Sofor 0< S, <10 , combining the above result, we have 5.5 <n < 9.65

Since n is an integer, we have n =6,7,8,9.
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